Introduction
In this paper we relate certain curvature conditions on a complete Riemannian manifold to the existence of bounded and L 2 harmonic forms. In the case where the manifold is the universal cover of a compact manifold, we obtain topological and geometric information about the compact manifold. Many of these results can be thought of as differential form analogues of Myers' theorem that a complete manifold with strictly positive Ricci curvature is compact with finite fundamental group. In fact, our curvature conditions involve the positivity of the Weitzenböck curvature terms R p , where R 1 is the Ricci curvature. We also give pinching conditions on certain sums of sectional curvatures which imply the positivity of R p , and hence yield Bochner-type vanishing theorems for harmonic forms. In particular, we construct a compact manifold with planes of negative sectional curvature at each point and which satisfies the hypothesis of our vanishing theorem. Finally, we remark on related spectral gap estimates for the Laplacian on forms on complete manifolds.
In more detail, recall that Bochner's theorem states that there are no L 2 harmonic p-forms on a complete manifold M if the curvature term R p in the Weitzenböck decomposition ∆ p = ∇ * ∇+R p for the Laplacian on p-forms is positive. In particular, if M is compact, then R p > 0 ⇒ H p (M; R) = 0. This result has the disadvantage that R p is a complicated curvature expression whose geometric/topological significance is unclear, except for R 1 = Ric, the Ricci curvature. In general, even manifolds with positive sectional curvature need not have R p > 0 for 1 < p < n − 1.
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We have previously made some progress in this area. In [8] , we showed that R p need only be strongly stochastically positive, or s. s. p., (as defined in §2) for Bochner's theorem to hold. In practice, this allows R p to be negative on a set of small volume if M is compact. We also showed that R 2 s. s. p. implies π 2 (M) is a torsion group. In [10] , we showed that the positivity of R p on primitive vectors is equivalent to the positivity of a sum of sectional curvatures, and we used this to obtain vanishing theorems for H p (M; Z) for manifolds isometrically immersed in R N . Finally, in [16] the second author showed that the hypothesis of Myers' theorem can be extended to the strong stochastic positivity of the Ricci curvature.
In this paper, we extend these results in several directions. First, in contrast to the usual Jacobi field proof, the proof of Myers' theorem in [16] In §3, we prove that R p > 0 if there exists A = A(x) > 0 such that
In particular, a manifold with this pinching estimate has no L 2 harmonic p-forms. Note that the sum of curvatures in (1.1) is Ric(v 1 , v 1 ) if p = 1. In general, this sum of curvatures is precisely the sum in [10] mentioned above (which in turn is based on [14] ). Combined with Theorem 2.3, this shows that a compact manifold cannot admit both a metric of pinched negative curvature and a metric with 2 pinched as in (1.1). We also show that the metric product M = Σ × S 4 of a surface Σ of constant negative curvature with the 4-sphere satisfies the pinching estimate above with p = 3. As mentioned above, this example is significant because it has planes of negative sectional curvature at each point.
Finally, in §4 we give estimates for the spectral gap at zero for the (BismutWitten) Laplacians on forms. These estimates come from the L 2 analogues of the L ∞ estimates of §2.
We would like to thank Feng-Yu Wang for helpful conversations.
2 Bounded harmonic forms and L
harmonic forms
In this section we relate the positivity of the Weitzenböck term for the Laplacian on forms to the existence of bounded and L 2 harmonic forms. We give applications of this result to the geometry and topology of compact manifolds.
Let (M, g) be a complete Riemannian manifold and h : M → R a smooth function. The case h ≡ 0 is of particular interest. Let δ h be the adjoint of the exterior derivative d on forms with respect to the measure µ(dx) = e 2h dvol g . The Bismut-
2 is a self-adjoint operator on L 2 forms with respect to µ(dx), see [15] . This Laplacian restricts to an operator ∆ h,q on q-forms, and has the Weitzenböck decomposition
In particular, R h,1 = Ric − 2 · Hess(h), where Hess(h) = −∇ 2 h is the Hessian of h. We use the convention
We will omit the superscripts h, q if the context is clear.
Let {x t } be a path continuous diffusion process with −∆ h = −∆ h,0 as generator, i.e. a h-Brownian motion, starting from x 0 . Assume that the h-Brownian motion does not explode, or equivalently that the associated Bismut-Witten heat semigroup P h t is conservative: 
and let H = H h,q be the h-harmonic projection on the space of 
Proof.
On the other hand,
Under the assumptions of the lemma,
and the required inequality follows from (2.5).
For one-forms the corresponding result is:
The main application of these estimates is to the existence of harmonic forms. By a bounded C 1 h-harmonic q-form (q = 0), we mean a bounded q-form with dφ = 0 and δ h φ = 0. For q = 0, a bounded harmonic function f is given by the usual definition
The following result is based on techniques going back to [4] .
Theorem 2.1 Let q ∈ {2, 3, . . . , n − 2}. Assume that h-Brownian motion does not explode. Suppose R h,q−1 and R h,q+1 are bounded from below with both sup x∈K R q+1 (x) and sup x∈K R q−1 (x) finite for all compact sets K ⊂ M. If there exists a nontrivial bounded h-harmonic q-form, then there exists a nontrivial L 2 harmonic q-form.
Proof. Let ψ be a nontrivial bounded h-harmonic q-form. Take a sequence of functions {h n } on M with 0 ≤ h n ≤ 1, |∇h n | ≤ 1 n and h n → 1 as n → ∞, see [4] , [11] . Define ψ n = h n · ψ. Then dψ n = dh n ∧ ψ and δ h ψ n = −i ∇hn ψ, and so
Thus by Lemma 2.1,
where c is a constant depending on the support of φ. If there are no
since ψ is bounded and φ has compact support. So
Therefore ψ has to be zero, contradicting the hypothesis.
for each compact set K. We say that R p is s. s. p. if the function R p is s. s. p.. [7] . In particular, a positive function on a compact manifold is strongly stochastically positive. More generally, if f is positive except on a set of small volume in the sense of [8] , [22] , then f is s. s. p. Note that a function is s. s. p. on any manifold M, then its pullback is s. s. p. on any cover of M, since Brownian motion on the cover projects to Brownian motion on the base. In summary, all hypotheses in this paper of the form "R p is s. s. p. on the compact manifold M" can be replaced by "R p > 0 on M."
Remarks: (1) Strong stochastic positivity is equivalent to ∆
We now give some geometric applications of the last theorem. Let
. A manifold is said to have negative curvature with pinching constant k if its sectional curvatures K satisfy −1 ≤ K < −k < 0.
Corollary 2.1 Let M be a compact n-manifold. Suppose R q±1 ≡ R 0,q±1 are strongly stochastic positive for some q with q ∈ {2, . . . , n − 2} and q = n/2. If H q (M) = 0, then M admits no metric of negative curvature with pinching constant
Proof. As noted in Remark (1), strong stochastic positivity is preserved in passing to a cover. In particular, the universal cover M of M has R q±1 s. s. p. Since H q (M; R) = 0, there is a nontrivial harmonic q-form on M, which lifts to a bounded harmonic form on M . By Theorem 2.1, L 2 H q ( M) = 0. Suppose M also admits a metric with negative curvature pinched as in the hypothesis. Then L 2 H q ( M ) = 0, with respect to this new metric [9] . However the vanishing of L 2 H q ( M ) is independent of the Riemannian metric on M [1], which gives a contradiction.
Remark: Theorem 2.1 generalizes the corresponding result for q = 0 in [16] . In particular, since every manifold has a bounded harmonic function, namely 1, the universal cover M of a compact manifold M with strongly stochastic positive Ricci curvature has an L 2 harmonic function. Such functions are constant, which implies that M has finite volume. Thus M must be finite volume and have finite fundamental group. This extends Myers' theorem, which states that a complete manifold with Ric > ǫ > 0 is compact with finite fundamental group.
Next we discuss the corresponding result for differential one-forms. Recall that our diffusion process is transient if
for each f with compact support, see e.g. [3] .
Theorem 2.2 Assume the h-Brownian motion does not explode and is transient. Suppose R
h,2 is bounded from below and sup x∈K R 2 (x) < ∞ for each compact subset K. If there exists a nontrivial bounded h-harmonic one-form, then there exists a nontrivial L 2 h-harmonic one-form.
The proof is similar to that of Theorem 2.1. This leads to the following stronger result: Proof of the Theorem: By [9] , the pinching condition on the negatively curved metric g 1 implies L 2 H 1 ( M ,g 1 ) = 0, whereg 1 is the pullback of g 1 to M . A negatively curved manifold M has λ 0 ( M) > 0 by McKean's estimate [18] , where λ 0 is the bottom of the spectrum for ∆ 0 . By Brooks' theorem [5] , π 1 (M) must be nonamenable. By [17] , the nonamenability of π 1 (M) implies M has a nonconstant bounded harmonic function f , which can be assumed to be positive, with respect to any pullback metric, in this case the pullback of the metric g 2 with R 2 s. s. p. The the condition L 2 H 1 ( M) = 0 is independent of the metric on M, since the spaces of L 2 harmonic forms are isomorphic to the L 2 closed forms modulo the closure of the L 2 exact forms, and hence are quasi-isometry invariants of M. Thus L 2 H 1 ( M ,g 2 ) = 0. This contradicts the proposition.
Proof of the Proposition: For (i), it is well known that the existence of a nontrivial bounded harmonic function f implies the transience of Brownian motion on M with respect to the pullback metric. Thus ω = df is a nonzero one-form satisfying dω = δω = 0. Moreover, ω is bounded by Harnack's inequality [24] or by Bismut's formula in [6] . Thus Theorem 2.2 implies L 2 H 1 ( M) = 0. Moreover, f has ∆f = 0 and has finite energy df L 2 .
For (ii), note that H 1 (M; R) = 0 implies that M has a nontrivial harmonic oneform, which pulls back to a bounded harmonic one-form on M . By Theorem 2.2, M has an L 2 harmonic one-form ω. Since H 1 ( M; R) = 0, we have ω = df for some function f on M . Thus 0 = δω = ∆f , and f has finite energy as before.
As an example of the sharp nature of this result, let M = S 3 × S 1 . Since the standard metric on S 3 has R 2 > 0, the product of the standard metrics has R 2 > 0 by an easy calculation. M has a harmonic one-form, which lifts to a bounded harmonic one-form on M = S 3 × R. However, L 2 H 1 ( M ) = 0 by direct calculation. Brownian motion on M is recurrent, so the hypothesis on the transience of Brownian motion cannot be omitted from Theorem 2.2.
As another application of Theorem 2.2, we have Theorem 2.4 Let M, N be compact manifolds with π 1 (M) nonamenable and π 1 (N) infinite. Then M × N admits no metric with R 2 strongly stochastically positive.
Proof: The universal covers M , N have no L 2 harmonic functions since π 1 (M), π 1 (N) are infinite. The Künneth formula for L 2 harmonic forms thus implies
is nonamenable, so as above M × N has a nontrivial bounded harmonic one-form with respect to any pullback metric. The theorem follows as above.
Remark: As pointed out to us by J. Lott, the Künneth formula for the Laplacian on L 2 forms on a product manifold follows from the discussion of the spectrum of an operator of the form A ⊗ 1 + 1 ⊗ B in [21, Vol. I, Thm. VIII.33]. Namely, this theorem implies that the zero spectrum of the Laplacian on a product manifold is given by the expected combination of the zero spectra on the individual factors.
We now consider these results for 4-manifolds. In this dimension, the positivity (resp. s. s. p.) of R 2 is equivalent to the positivity (resp. s. s. p.) of the curvature operator on complex isotropic two-planes [20] . The Euler characteristic of such manifolds is constrained as follows: Proof: (i) By [8] , R 2 strongly stochastically positive implies M is a homotopy sphere and hence is diffeomorphic to S 4 by Freedman's solution to the Poincaré conjecture. Since χ( M )/χ(M) equals the order of the covering map from M to M, the covering map is either 2 − 1 or 1 − 1. Since M is oriented, only the 1 − 1 case is allowed.
(ii) By the
Since M has R 2 strongly stochastically positive for the pullback metric, L 2 H 2 ( M ) = 0, and so 0 ≥ L 2 χ( M ). By Avez's theorem [2] , the Euler characteristic of a negatively curved 4-manifold is positive. Of course, such a manifold has infinite fundamental group.
(iii) As in the proofs of Proposition 2.1 and Theorem 2.3, the nonamenability of π 1 (M) implies the existence of a nonconstant bounded harmonic function f (and hence the transience of Brownian motion) and the existence of a bounded harmonic one-form df. By Theorem 2.
S 4 with its standard metric shows that π 1 (M) must be infinite in (ii). For an example of (iii) not covered by (ii), let N be a compact hyperbolic 3-manifold with The proposition above is valid for 6-manifolds (except for the part using Avez's theorem). The manifolds N ×N and N ×S 3 , for N as above, do not admit metrics with R 2 strongly stochastically positive, although this cannot be seen from the L 2 -index theorem alone.
Pinching and positivity of R p
In this section we will give conditions that guarantee stochastic spectral positivity of R p .
Definition:
We say that a Riemannian manifold M is C-p-pinched if for each x ∈ M there exists A = A(x) > 0 such that for each orthonormal basis
If C = C(n, p) has explicit dependence on p, then we will just say that M is C-pinched.
is the sectional curvature of the plane spanned by (the duals of) v i , v j . We will denote this sum of sectional curvatures just by p if the context is clear.
The purpose of this section is to compute C = C(n, p) such that C-pinching implies M n has R p > 0. Note that a compact manifold is 0-1-pinched iff it has positive Ricci curvature, so we are not interested in pinching theorems for 1-forms. Since * R p = R n−p * for the Hodge star operator * , we are similarly uninterested in pinching results for (n − 1)-forms.
Before we begin the proof, we review some curvature tensor manipulations, both as motivation and for use in a later example. Let K(i, j) denote the sectional curvature of the 2-plane spanned by v i , v j , and similarly let K(i + j, k) denote the sectional curvature for the 2-plane spanned by
l , where we fix our sign convention by K(1, 2) = −R 1212 = 1 for an orthonormal frame on S 2 . We set R (i+j)k(s+t)l = R(
for l = j, we get
We also know
Switching i and j in (3.3), subtracting the result from (3.3) and using the Bianchi identity, we obtain
Note that combining (3.2) and (3.4) gives the well known expression for R ijkl in terms of sectional curvatures. We now carry these calculations over to R p .
Lemma 3.1 Let J, K be multi-indices of length p.
(iii) If I is a multi-index of length p − 2, if i, j, l are distinct indices not in I, and if B < p < A, then
Proof: Let a i denote interior multiplication by v i , and let (a i ) * denote the adjoint action of wedging with
K has a K = 0 if J, K differ by more than two indices. This proves (i). For (ii), it is immediate that for fixed p, q, r, s we have
unless {p, r} = {k, l}, {q, s} = {i, j}. Now a direct calculation of the four possibilities for p, q, r, s gives
by the symmetries of curvature tensor. For (iii), recall that
where {v 1 , . . . , v n } is an orthonormal basis extending {v 1 , . . . , v p } [10] . We have
From the hypothesis, we have 9) and similarly for
Combining (3.8) and (3.9) gives (iii).
We now begin the proof of the theorem. By (ii) of the Lemma, we may treat
for distinct indices i, j, k, l, m ∈ I. Note that T ijkl = 2R ijkl , but the S's are not sectional curvatures -in fact, −S(i, j) = p for some basis {v k }. Fix x ∈ M and assume that we have B < p < A at x, so
(3.10)
Of course, T has the same Bianchi identity and symmetries as the curvature tensor R. Now the argument in (3.2)-(3.4) carries over to T, S. In particular, from
we get
As with R ijkl , we obtain
so (3.6) becomes
Using the estimates (3.10), (3.12), we see that (3.11) implies
In summary, for J = K, we have by Lemma 3.1(i), (3.12) (3.13),
We now estimate the last two terms.
Lemma 3.2 Let I, J be multi-indices of length p. Then for 1 ≤ k ≤ p,
Remark: This estimate is sharp, as can be seen by setting a I = n p −1/2 for all I.
Proof: For fixed value of I a 2 I , the maximum of the left hand side of the inequality is attained at some vector a = (a I ) with a I > 0. Thus we may drop the absolute value signs on the left hand side. Set N = n p and consider the N × N matrix A given by
Here A acts on R N with coordinates indexed by multi-indices of length p. Finding the maximum of the left hand side for fixed I a 2 I is equivalent to finding the maximum eigenvalue of A. Observe that
for an orthonormal frame {v i }. Also, we know of no examples of manifolds with positive curvature operator on isotropic complex two-planes (and so π k (M) = 0 for 1 < k ≤ n/2 by [19] ) but allowing planes of negative sectional curvature.
We set M = Σ a × S 4 , where Σ is a closed surface of genus g > 1 with a metric of constant negative curvature −a, and S 4 is the 4-sphere of constant positive curvature 1. We give M the product metric. Since H k (M; R) = 0 for k = 3, M cannot be C(6, k)-pinched for k = 3; this is easily verified by computing
for various permutations of an orthonormal frame {v i } with
We give two proofs that M has R 3 > 0, one proof based on Theorem 3.1, and one by a direct calculation.
First, for the product metric on M, the curvature two-forms
vanish for {v i } as above, unless i, j ∈ {1, 2} or i, j ∈ {3, 4, 5, 6}. Moreover, R ijkl = 0 unless i, j, k, l ∈ {1, 2}, or i, j, k, l ∈ {3, 4, 5, 6}. Now R 1212 = a, and for s, t, r ∈ {3, 4, 5, 6}, (3.2) gives
Finally, if i, j, k, l ∈ {3, 4, 5, 6} are distinct indices, then (3.4) implies R ijkl = 0. This determines the curvature tensor on M.
In particular, R ijkl = 0 if there are at least three distinct indices among i, j, k, l. From (3.5), we see that
K is a sum of R ijkl terms, each of which has three distinct indices. Thus in this case, R p v J , v K = 0 also. In summary, we have R 3 v I , v J = 0 unless I = J. Let {w i } be an orthonormal frame on M. Writing w i = a i j v j for an orthogonal matrix (a i j ), we get by (3.7)
for some rearrangement {ṽ i } of {v i }. Computing the cases where one, two or three of the first three of theṽ i are in T S 4 , we see that the right hand side of (3.17) equals either 4 − a or 3. Thus if we fix a = 1, the right hand side of (3.16) becomes
Thus for a = 1, M has 3 constant, so by the theorem R 3 > 0. For the second proof, we compute R 3 directly, using our calculation that
, and choose i 4 , i 5 , i 6 so that {i q : q = 1, ..., 6} = {1, ..., 6}. By (3.7), we see that
Since 3 equals either 4 − a or 3, taking a < 4 makes the right hand side of (3.18) positive.
Remark: Let {w i } be an orthonormal frame. We can use [8,Thm. 5A] to conclude the stronger result H 3 (M; Z) = 0 once we check
pointwise on M, where α is the second fundamental form, H is the mean curvature for an isometric immersion of M in some R N , and n = 6. Here we first isometrically immerse Σ a in some R N 1 for a fixed a and S 4 in R 5 in the usual way. We then put M isometrically in R N 1 +5 . For a ≤ 1, we know that the left hand side of (3.19 
Remarks on spectral gap estimates
The crucial Lemma 2.1 treats the L ∞ theory of harmonic forms, so it is natural to look for an L 2 version. For this, let λ q 1 = λ h,q 1 be the spectral gap at zero for q-forms, i.e. λ q 1 = inf spec(∆ h,q ) − {0} . Equivalently
Here H ⊥ q is the space of differential q-forms perpendicular to the the harmonic forms. We will show that the L 2 version of Lemma 2.1 corresponds to lower bound estimates for λ q 1 for differential forms. 
Suppose λ 
· ||δ
h ψ|| L 2 .
Thus letting t → ∞ in the earlier inequality gives
Taking φ = ψ ∈ H ⊥ and using Hφ = 0, we have If M is compact, this result is an easy consequence of Hodge theory, as d and δ give a conjugacy of the restriction of ∆ q to (Ker d) ⊥ with ∆ q+1 restricted to the image of d, and similarly for ∆ q on (Ker δ) ⊥ . However, this argument does not extend to the noncompact case without more stringent curvature conditions, due to the possible presence of continuous spectrum.
We can also estimate λ q 1 in terms of R q±1 , but these estimates are useful only when there are no L 2 harmonic (q ± 1)-forms. If we denote by λ 0 (f ) the bottom of the spectrum of the operator ∆ + f on functions, then we have
assuming R q+1 and R q−1 are bounded from below. This comes from [7, Theorem 3C] which states that the bottom of the spectrum of ∆ p is bigger or equal to λ 0 (R p ) for each p ∈ {1, 2, . . . , n − 1}. Note that by [7 
